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Open-air microwave quantum communication and metrology protocols must be able to transfer
quantum resources from a fridge, where they are created, into an environment dominated by thermal
noise. Indeed, the states that carry such quantum resources are generated in a cryostat at Tin '
10−2 K and with Zin = 50 Ω intrinsic impedance, and require an antenna-like device to transfer
them into the open air, characterized by an intrinsic impedance of Zout = 377 Ω and a temperature
of Tout ' 300 K, with minimal losses. This device accomplishes a smooth impedance matching
between the cryostat and the open air. Here, we study the transmission of two-mode squeezed
thermal states, developing a technique to design the optimal shape of a coplanar antenna to preserve
the entanglement. Based on a numerical optimization procedure we find the optimal shape of the
impedance is exponential, and we adjust this shape to an analytical function. Additionally, this
study reveals that losses are very sensitive to this shape, and small changes dramatically affect the
outcoming entanglement, which could have been a limitation in previous experiments employing
commercial antennae. This work will impact the fields of quantum sensing and quantum metrology,
as well as any open-air microwave quantum communication protocol, with special application to the
development of the quantum radar.
I. INTRODUCTION
Superconducting circuit technology, working in the mi-
crowave regime, has been launched in the last few years,
mainly by quantum computation [1]. The development of
quantum microwave technology is then vital not only for
quantum computation, but also for secure quantum com-
munication protocols [2], distributed quantum comput-
ing [3], quantum metrology and quantum sensing [4, 5],
specially with the quantum radar on sight [6].
The quantum microwave technology toolbox is con-
stantly being updated, including new generations of
HEMTs [7–9], JPAs [10–12], and more recently, single-
photon photodetectors [13, 14] and photocounters [15].
Quantum communication with microwave photons is
the best way to connect several superconducting-qubit
chips together, as envisioned by the area of distributed
quantum computing. Although the number of thermal
photons is larger in the microwave than in the optical
regime, attenuation of signals in the atmosphere is re-
duced highly in the frequency window 100 MHz - 10 GHz.
Applications of open-air quantum communication and
sensing are particularly challenging and require addi-
tional development, specially for antennas connecting
cryostats with the open air. Recent experiments have
failed on efficient entanglement distribution while using
commercial antennae [16–18].
In this article, we find that the detection of entangle-
ment in open air is highly affected by the shape of the
impedance in the antenna, and we optimize the perfor-
mance of the antenna in this task. As a paradigmatic
case, we study the generation and transmission of two-
mode squeezed states [19], for they are easy to generate
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FIG. 1. Sketch describing an open-air microwave quantum
communication protocol, in which a party A generates a two-
mode entangled quantum state and sends one of the modes
to a second party, B, through an environment dominated by
thermal noise, keeping the other mode.
and are robust to photon losses. We obtain a relation
between the reflection coefficient of the antenna and the
entanglement of the output state, and optimize the de-
sign of the antenna for an initial entangled state in the
presence of thermal noise.
II. ANTENNA DESIGN
We intend to design an antenna for an open-air mi-
crowave quantum communication protocol, in which an
entangled state is produced by a source A, keeping one
mode and sending another through a waveguide into open
air, to be received at a remote location B, while main-
taining the entanglement between both modes, as can
be seen in Fig. 1. For this, we propose a transmission
line (TL) as a waveguide that sends out the state, then
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FIG. 2. Description of a quantum circuit that represents the
connection of a cryostat (black) with the antenna (red), which
is described by a finite inhomogeneous transmission line, and
connected to a waveguide representing transmission in open
air (blue).
a finite inhomogeneous transmission line as the antenna,
and then a transmission line to represent the open air [6].
This circuit can be seen in Fig. 2. The TL on the left has
an impedance of 50 Ω, whereas that on the right has an
impedance of 377 Ω. Then, the antenna serves as an in-
homogeneous medium that achieves a smooth transition
from two very different impedances. The Lagrangian de-
scribing this circuit is
L =
−1∑
i=−N
[
∆x cin
2
φ˙2i −
(φi+1 − φi)2
2∆x lin
]
+
d∑
j=0
[
∆x c2(x)
2
φ˙2j −
(φj+1 − φj)2
2∆x l2(x)
]
+
N∑
k=d+1
[
∆x cout
2
φ˙2k −
(φk+1 − φk)2
2∆x lout
]
, (1)
where we have defined lin, cin as the inductances and ca-
pacitances of the transmission line inside the cryostat,
l2(x), c2(x) as the inductances and capacitances of the an-
tenna, and lout, cout as the inductances and capacitances
of the second transmission line. See that the inductances
and capacitances on the antenna depend on the position,
which is necessary for a smooth change of impedance.
This way, we can write the impedance as
Z2(x) =
√
l2(x)
c2(x)
= l2(x)v. (2)
Taking N → ∞ in order to consider semi-infinite trans-
mission lines, amounts to taking the continuum limit
∆x→ 0. Then, we rewrite the Lagrangian
L =
∫ ∞
−∞
dx
[
c(x)
2
(∂tφ(x, t))
2 − 1
2l(x)
(∂xφ(x, t))
2
]
,
(3)
defining the capacitances and inductances as
l(x) =

lin if x < 0
l2(x) if 0 ≤ x ≤ d
lout if x > d
(4)
and
c(x) =

cin if x < 0
c2(x) if 0 ≤ x ≤ d
cout if x > d
(5)
From the minimal action principle, we obtain the Euler-
Lagrange equations for this Lagrangian,
c(x)∂2t φ(x, t) = ∂x
(
∂xφ(x, t)
l(x)
)
. (6)
For the left and right transmission lines, l(x) and c(x)
are constant, and Eq. 6 is just the wave equation. This
means that for the left and right TLs, the solutions to
the equations of motion are plane waves. However, the
solution for the antenna is not as straightforward, for
which we employ the variable separation method. We
then propose φ(x, t) =
∑
n ϕn(t)un(x),
c(x)ϕ¨n(t)un(x) = ϕn(t)
(
l(x)u′′n(x)− l′(x)u′n(x)
l2(x)
)
,
(7)
which leads to the expression
c(x)l(x)
ϕ¨n(t)
ϕn(t)
=
1
un(x)
(
u′′n(x)−
l′(x)
l(x)
u′n(x)
)
. (8)
On both sider of the equation, the solutions are con-
stants,
ϕ¨n(t) = −λv2ϕn(t),
u′′n(x)−
Z ′(x)
Z(x)
u′n(x) = −λun(x)
where we have used c(x)l(x) = 1/v2 and Z(x) = l(x)v.
From this, we see that λ = k2n = (ωn/v)
2, the wavenum-
ber. Then, the equation that we need to solve is that
for un(x), which can be written as the Sturm-Liouville
problem. In order to solve this equation for the antenna
we need to fix Z(x).
A. Linear antenna
For a simple case study we consider that Z(x) for 0 ≤
x ≤ d is a linear function of the position,
Z(x) =
(
1− x
d
)
Zin +
x
d
Zout, (9)
which implies that the inductance in the antenna is also
linear. The solution to the equation of motion is
u(x) = (Zin(d− x) + Zoutx)
[
αJ1
(
kx+ kd
Zin
Zout − Zin
)
+
βY1
(
kx+ kd
Zin
Zout − Zin
)]
, (10)
where J1(·), Y1(·) are the Bessel functions of the first
and second kind, respectively, and α1, α2 are constants.
Then, our problem can be translated into a scattering
problem,
ψ1(x) = Ae
ikx +Be−ikx for x < 0
ψ2(x) = u(x) for 0 ≤ x ≤ d
ψ3(x) = Fe
iqx +Ge−iqx for x > d
(11)
where k = ω/(c/3) is the wavenumber inside the cryo-
stat and the antenna, considering that the propagation
velocity is v = c/3 inside these two circuits, and q = ω/c
is the wavenumber on open air, where v = c. Imposing
continuity of voltage
φ˙(x, t)
∣∣∣
x−
= φ˙(x, t)
∣∣∣
x+
(12)
and current
∂x
(
φ(x, t)
l(x)
)∣∣∣∣
x−
= ∂x
(
φ(x, t)
l(x)
)∣∣∣∣
x+
(13)
implies imposing the continuity of these functions and
their derivatives. If we do this, we find
A+B = dZin
[
αJ1
(
kd
Zin
Zout − Zin
)
+βY1
(
kd
Zin
Zout − Zin
)]
, (14)
A−B = −idZin
[
αJ ′1
(
kd
Zin
Zout − Zin
)
+βY ′1
(
kd
Zin
Zout − Zin
)]
, (15)
and also
Feiqd +Ge−iqd = dZout
[
αJ1
(
kd
Zout
Zout − Zin
)
+βY1
(
kd
Zout
Zout − Zin
)]
,
F eiqd −Ge−iqd = −ik
q
dZout
[
αJ ′1
(
kd
Zout
Zout − Zin
)
+βY ′1
(
kd
Zout
Zout − Zin
)]
, (16)
using the fact that
J1(x)Y0(x)− J0(x)Y1(x) = 2
pix
. (17)
The transfer matrix (
F
G
)
= T
(
A
B
)
(18)
is used to construct a scattering matrix S,(
F
B
)
out
= S
(
A
G
)
in
=
(
S11 S12
S21 S22
)(
A
G
)
in
, (19)
which will not be normalized (SS† 6= 1). For that, we
can redefine S as
S¯ =
(
α 0
0 β
)
S
(
α 0
0 β
)
=
(
α2S11 αβS12
αβS21 β
2S22
)
, (20)
and find the parameters α, β, with which the matrix S¯
satisfies unitarity conditions. First of all, the determi-
nant must be equal to one (in modulus). This implies
that
det S¯ = α2β2detS = eiγ . (21)
Also, the rows of the matrix must represent orthonormal
vectors,(
α2S11 αβS12
)(αβS∗21
β2S∗22
)
= αβ
[
α2S11S
∗
21 + β
2S12S
∗
22
]
,
(22)
and from these two conditions we can obtain the param-
eters
α4 = − e
iγ
detS
S12S
∗
22
S11S∗21
,
β4 = − e
iγ
detS
S11S
∗
21
S12S∗22
.
For this scattering problem, we find that the unitary scat-
tering matrix is given by
S¯ =
eiγ/2√
detS
−√ ZinZoutS11 S12
S21 −
√
Zout
Zin
S22
 , (23)
where γ is a free parameter of the system, and thus can
be set to zero. Also we have that, for this problem,
|detS| = 1. In the entries of this matrix we can iden-
tify the transmission and reflection coefficients,
S¯ =
(
tL rR
rL tR
)
. (24)
In the limit of kd→ 0, we observe that
|tL|2 = |tR|2 → 0,
|rR|2 = |rL|2 → 1, (25)
and in the opposite limit, kd→∞, these terms are
|tL|2 = |tR|2 →
(
2
√
vinvout
vin + vout
)2
,
|rR|2 = |rL|2 →
(
vin − vout
vin + vout
)2
, (26)
with vin = c/3 and vout = c. Now, we want to obtain the
transmission coefficient for a given state, depending on
the size of the antenna, d.
III. TWO-MODE SQUEEZED THERMAL
STATES
We study the performance of the antenna with two-
mode squeezed states, the best candidate for entangled
quantum states we can generate, whose entanglement is
determined by its squeezing parameter, and which are
robust to photon losses. However, the presence of ther-
mal photons in the process of generating squeezed states
in the cryostat, at temperatures of 10 − 50 mK, leads
to states that are not completely pure. Whereas a two-
mode squeezed vacuum state is generated by applying
independent squeezing operators,
S(z) = e
1
2 (z¯a
2−za†2), (27)
with z = reiϕ, on a two-mode vacuum state, and sending
the result through a 50 : 50 beamsplitter, a two-mode
squeezed thermal state (TMSth) [20] is generated from
two-mode thermal states through the same process. The
action of the squeezing operators, together with a beam-
splitter, is described by the two-mode squeezing operator
B(θ, φ)S1(z1)S2(z2) = S1(ξ1)S2(ξ2)e
ξa1a2−ξ∗a†1a†2
= S1(ξ1)S2(ξ2)S12(ξ), (28)
where z1 = r1e
iϕ1 , z2 = r2e
iϕ2 , and ξ =
θ(cosh r1 sinh r2e
−i(ϕ2+φ)−sinh r1 cosh r2e−i(ϕ1−φ)). The
local squeezing operators can then be considered as local
rotations, and will not affect the squeezing of the global
state.
In this setting, we will work with the covariance ma-
trix, since we are working with gaussian states. Con-
sider a TMSth state generated by applying S12(ξ), with
ξ = reıϕ. The covariance matrix of this state is given by
1√
µ
cosh 2r 0 sinh 2r 00 cosh 2r 0 − sinh 2rsinh 2r 0 cosh 2r 0
0 − sinh 2r 0 cosh 2r
 , (29)
where µ is the purity, and µ = 1/(1 + 2n)2 for TMSth
states with n thermal photons. Then, the covariance
matrix of our initial state is
σin = (1 + 2n)
cosh 2r 0 sinh 2r 00 cosh 2r 0 − sinh 2rsinh 2r 0 cosh 2r 0
0 − sinh 2r 0 cosh 2r
 .
(30)
On the other hand, the covariance matrix of the thermal
noise coming from the environment, which changes the
state when it is sent into open air, is given by
σenv =
(
1 + 2Neff 0
0 1 + 2Neff
)
. (31)
The global covariance matrix is given by
σenv-in = (32)
(1 + 2n)

η 0 0 0 0 0
0 η 0 0 0 0
0 0 cosh 2r 0 sinh 2r 0
0 0 0 cosh 2r 0 − sinh 2r
0 0 sinh 2r 0 cosh 2r 0
0 0 0 − sinh 2r 0 cosh 2r
 ,
where we have defined η = (1 + 2Neff)/(1 + 2n). Now,
in this quantum communication protocol we intend to
send one of the modes of the TMSth state we generate,
and optimize the entanglement remaining between the
mode we have kept and the one that is sent into open
air. Then, one of the modes goes through the antenna
and is mixed with the thermal noise coming from the en-
vironment through the scattering matrix of the antenna,
while the other mode is left untouched. This process is
described by the action of the operator
T =
(
B 0
0 12
)
(33)
on the matrix above. We then trace out the reflected
part coming from the beamsplitter matrix, and obtain
the covariance matrix of the output state,
σout = tr2
[
Tσenv-inT
†] . (34)
Given the order in which we have written the states in
the covariance matrix, the beamsplitter matrix B is a
reshuffling of the scattering matrix describing the action
of the antenna, and can be written as
B =
(
rR tL
tR rL
)
. (35)
This way, we find the covariance matrix of the output
state to be
σout = (1 + 2n)
η|rR|
2 + |tL|2 cosh 2r 0 tL sinh 2r 0
0 η|rR|2 + |tL|2 cosh 2r 0 −tL sinh 2r
t∗L sinh 2r 0 cosh 2r 0
0 −t∗L sinh 2r 0 cosh 2r
 . (36)
In the covariance matrix formalism, we can compute the
entanglement of a state through the negativity. For a
covariance matrix
σ =
(
α γ
γ† β
)
, (37)
the negativity is computed as
N = max
[
0,
1− ν
2ν
]
, (38)
where ν is the symplectic eigenvalue of σ [21],
ν =
1√
2
√
∆(σ)−
√
∆2(σ)− 4 det(σ), (39)
with ∆(σ) = det(α) + det(β) − 2 det(γ). The state de-
scribed by σ is entangled if N > 0, or equivalently
0 < ν < 1. The symplectic eigenvalue of the TMSth
state σin is given by
νin = (1 + 2n)e
−2r, (40)
and the condition for entanglement is r > 12 log(1 + 2n).
Notice that this condition is r > 0 for two-mode squeezed
vacuum states (no thermal photons).
The outgoing state will also be a TMSth state, up to
unitary transformations. Thus, it’s symplectic eigenvalue
will have the same form as that of the initial state. If
we set the initial squeezing to zero, no squeezing can
be generated through the beam splitter, and we have
νin = 1+2n for the initial state, and νout = 1+2n
′ for the
final state. Comparing this formula with the symplectic
eigenvalue obtained from Eq. 36, we find that n′ = n.
Then, νout = (1 + 2n)e
−2r′ , and
r′ = −1
2
log
(
νout
1 + 2n
)
. (41)
If we write out explicitly the symplectic eigenvalue of the
output state, we obtain
νout =
1√
2
√
∆(σout)−
√
∆2(σout)− 4 det(σout) (42)
where
∆(σout) = (1 + 2n)
2
[
(η|rR|2 + |tL|2 cosh 2r)2
+ cosh2 2r + 2|tL|2 sinh2 2r
]
, (43)
and √
∆2(σout)− 4 det(σout) = (1 + 2n)2 ×[
η|rR|2 + (1 + |tL|2) cosh 2r
]
×√
(η − cosh 2r)2|rR|4 + 4|tL|2 sinh2 2r. (44)
The number of thermal photons is computed from the
Bose-Einstein distribution,
n(ω) ∝ 1
e
~ω
kBT − 1
. (45)
The number of thermal photons of frequency ω ∼ 5 GHz
is 8 · 10−3 at temperatures of T ∼ 10 mK, whereas at
room temperature (T ∼ 300 K), the number of thermal
photons is approximately 1250, which implies η ∼ 2500.
Now, we can approximate νout depending on the relation
between η|rR|2 and |tL|2, and obtain a simplified form in
the different regimes.
The first case we study describes the regime in which
η|rR|2  1 with |rR| 6= 0. We find that
νout = νin+(1+2n) sinh 2r
[
1− |tL|
2(1 + |tL|2) sinh2 2r
2η|rR|2 cosh 2r
]
.
(46)
Total reflection by the antenna is achieved by taking
|rR| → 1, then νout = (1 + 2n) cosh 2r, which is al-
ways greater or equal to 1. This means that there cannot
be entanglement, because we are neglecting the reflected
mode, and the transmitted one only has thermal noise
from the environment. Then, we just have two thermal
states. Total transmission, |rR| → 0, breaks the approx-
imation we have made here. Furthermore, see that we
recover the result 1 + 2n as r → 0. In this case, νout
is smaller for larger |tL|, only showing entanglement for
|rR| < 0.1. This is the regime we study in the next case.
The second case describes the scenario in which
η|rR|2  1 with |tL| ≈ 1. This regime is more restric-
tive, and is close to total transmission, simply because in
order to have η|rR|2  1 we need |rR| < 10−2. Here, we
find
νout = νin
[
1 +
η|rR|2
2
e2r
]
= νin +
(
1
2
+Neff
)
|rR|2.
(47)
In the case of r → 0, the approximation breaks down, and
we would have to substitute before performing the ap-
proximation. For total transmission, |rR| = 0, we recover
the initial state, since no thermal noise from the environ-
ment is mixed with the mode we are sending through the
antenna. The condition for entanglement on the initial
state is
r >
1
2
log(1 + 2n), (48)
and in this case it is
r >
1
2
log(1 + 2n)− 1
2
log
[
1−
(
1
2
+Neff
)
|rR|2
]
, (49)
which is, of course, more restrictive. The former inequal-
ity imposes
(
1
2 +Neff
) |rR|2 < 1.
We have found that it is not possible to achieve val-
ues of the reflection coefficient lower than |rR| ∼ 0.08
with a linear antenna. For the squeezing of the initial
state around r = 1, we need |rR| < 0.025 in order for the
output state to be entangled. An antenna in which the
impedance grows linearly with the position is not suffi-
cient, and for this we explore the stepwise antenna.
"d
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⇢in ⇢out
FIG. 3. Quantum circuit design describing the connecting be-
tween the cryostat and the antenna, and between the antenna
and the open air. Now, the antenna is divided in N slices of
length ε, inside which the impedance changes linearly, setting
N+1 scattering problems. Globally, we are able to implement
a general function of the impedance.
IV. STEPWISE ANTENNA
We propose a different approach to study the circuit:
consider the division of the antenna in N infinitesimally-
small slices, regions in which the impedance changes lin-
early with the position, such that adding up all of these
slices together yields an impedance that changes with the
position following a different function. This setup can be
seen in Fig. 3.
The difference with the previous approach is that now
we have N-1 new parameters, the impedances of the in-
termediate slices, which we can use to optimize step by
step the transfer of the quantum state in the antenna, to-
gether with the size of the TL. In this case, the impedance
at a slice n in the TL is given by
Z(x) =
(
n+ 1− x
ε
)
Zn +
(x
ε
− n
)
Zn+1. (50)
Then, the spatial component of the wavefunction for a
given slice n inside the antenna is given by
u(x) = [εZn + (x− nε)(Zn+1 − Zn)]×[
αnJ1
(
k(x− nε) + kε Zn
Zn+1 − Zn
)
+βnY1
(
k(x− nε) + kε Zn
Zn+1 − Zn
)]
, (51)
where ε = d/N indicates the size of each slice, for x ∈
[εn, ε(n+1)]. See that, for N = 1, we recover the result of
the linear antenna studied above. This system allows us
to construct a transfer matrix for each of the N scattering
problems, such that the global transfer matrix will be the
result of an ordered product of these N matrices. In this
problem,(
F
G
)
= TN
(
αN
βN
)
= TNTN−1
(
αN−1
βN−1
)
= TN ...T0
(
A
B
)
,
(52)
and the global transfer matrix is T = TNTN−1...T0. From
this global transfer matrix, we can obtain the global scat-
tering matrix, and make it unitary in the same way as
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FIG. 4. Optimized impedance curves over the position in-
side the antenna, with d = 20 cm, for different values of the
number of subdivisions in the antenna, N . For each one, the
minimum value of the reflectivity, |rR|, is shown.
for the linear antenna. This technique allows us to im-
plement different continuous piecewise functions for the
impedance, and provides more freedom in the optimiza-
tion process. Eventually, the design of this circuit is ori-
ented to optimize the resource that is shared between two
parties. Thus, the optimization process will involve the
minimization of the reflection coefficient |rR|, in order to
maximize the entanglement in the output TMSth state.
We are looking at a global optimization problem that we
will perform stepwise. We will compute the global scat-
tering matrix, and minimize the reflection coefficient over
the first value of the impedance, Z1, after Zin. Fixed Z1,
we compute the new scattering matrix and optimize over
Z2, and so on, until we optimize over ZN , right before
Zout. Of course, Zin and Zout must remain fixed. Even
with just one subdivision (N = 2), we are able to find
small enough values of the reflection coefficient to have
an entangled output state. We can apply this procedure
from left to right, and then from right to left, although
we have found numerically that it works better only from
right to left (starting from lN ), when we combine it with
an optimization of the total size of the antenna. In Fig. 4
we can observe how the optimal impedance curves are
shaped for different values of N . For each value, we also
give the value of the reflection coefficient that such an
antenna could achieve.
From these plots, we propose the shape of the optimal
impedance to be described by the function
Z(x) = Zin + α
[
e(
x
d )
β
log
(
1+
Zout−Zin
α
)
− 1
]
, (53)
where d is the size of the antenna, x indicates the position
inside it, and α, β are free parameters that we can opti-
mize. We have found the optimal value to be α ∼ 30.10
with β ∼ 4.86, for d = 20 cm. See that, for α → ∞, we
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FIG. 5. Reflection coefficient computed with the impedance
function proposed in Eq. 53, represented for different values of
the number of subdivisions inside the antenna, for an antenna
of size d = 20 cm.
recover the linear antenna.
This function approximates the behaviour of the opti-
mal impedance on the antenna, but the values of the re-
flection coefficient we obtain with it are not small enough.
However, these improve as we increase N , as can be seen
in Fig. 5, approaching |rR| ∼ 10−8 for N = 100. We ob-
serve that minimal values of |rR| saturate as we increase
N such that ε = d/N  λ constitutes the continuum
limit. This promising result suggests that we could em-
ploy the same treatment of the antenna as we did for a
linear impedance, but solving the Sturm-Liouville prob-
lem with the impedance given by Eq. 53, in the limit
N = 1.
Taking N = 100, we represent the reflection coefficient
versus the antenna size in Fig. 6. In blue, we observe
the reflectivity of the antenna with a linear impedance
function, and in orange we see the result of the reflec-
tivity corresponding to the impedance function proposed
in Eq. 53, with optimized parameters. We observe that
minimal values of |rR| are achieved for d ≥ λ ∼ 13 cm.
Finally, we investigate the squeezing of the output
state, in terms of the initial squeezing and the size of
the antenna. In Fig. 7 we represent the quotient between
squeezing parameters of output and input states, show-
ing that with d ≥ λ it is possible to preserve squeezing
in totality, meaning that entanglement is preserved.
In order to illustrate the sensitivity of the reflection
coefficient to the shape of the antenna, we introduce er-
rors to the numerically-optimized impedance as a random
value taken from a normal distribution where the vari-
ance is a percentage of the value of the function at each
point. With this modified impedance we compute the re-
flection coefficient, and then calculate the ratio between
the negativity of the output state and the negativity of
the input state, Nout/Nin.
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FIG. 6. Reflection coefficient over the size of the antenna.
The reflection coefficient is computed with a linear function
of the impedance (blue) and the impedance function proposed
in Eq. 53 (orange), for N = 100.
In Fig. 8 we represent the average ratio of negativi-
ties for different values of the error percentage, where we
observe that it decreases as we increase the error, for an
initial squeezing r = 1 and antenna size d = 20 cm. As an
inset, we represent the logarithm of the ratio of negativ-
ities (green), which we fit by a linear function (orange).
The results show that the negativity goes to zero for
errors over 2% of the impedance values, and from the
linear fit of the logarithm we can infer an exponential
decay with a mean lifetime of 0.41%.
V. ANTENNA CHARACTERISTICS
In this article, we have proposed an antenna based on
a coplanar waveguide. The characteristics of this waveg-
uide will depend on the optimal shape of the impedance
we have proposed. That is, the impedance in Eq. 53 is
connected to the density of inductance as
l(x) =
Z(x)
v
= lin +
α
v
[
e(
x
d )
β
log
(
1+
lout−lin
α/v
)
− 1
]
, (54)
whereas the density of capacitance is given by
c(x) =
1
Z(x)v
= (55) 1cin + αv
(1 + 1
αv
(
1
cout
− 1
cin
))( xd )β
− 1

−1
On a waveguide, the density of inductance is related
with the distance between the superconducting islands
and the insulating cable, and the density of capacitance
is related with the distance between superconducting is-
lands. Then, a coplanar antenna such as the one we
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FIG. 7. Ratio between squeezing of the output state r′ and
squeezing of the input state r, represented over r and over the
size of the antenna.
have designed has to be constructed on a superconduct-
ing waveguide which is not homogeneous. The distances
between superconducting islands and the insulating cable
need to vary such that the inductance and capacitance
densities change according to Eqs. 54 & 55 respectively.
Finally, these functions need to be optimized, meaning
that α and β need to be fixed, for a particular set of
quantum states of a given frequency.
Throughout this article we have assumed that the an-
tenna is implemented in a superconducting TL, meaning
that the temperature inside it is in the range of mK. How-
ever, this would be very difficult to implement, since the
end of this line is connected to the open air, whose tem-
perature is 300 K. In order to maintain a low temperature
in the antenna, with a constant propagation velocity of
vin = c/3, and still be able to connect it to the open air,
we could study the addition of a subsequent waveguide.
It would have the impedance of open air, 377 Ω, while
presenting a temperature gradient, as well as a velocity
gradient, from c/3 to c.
Although it is a crucial part of classical microwave
communication, amplification of signals is not relevant in
this setup. Consider a cryogenic HEMT amplifier, cur-
rently used in quantum microwave experiments, which
produces large gains in a relatively large frequency spec-
trum, but also introduces a significant amount of noise.
Thermal noise added by commercial HEMTs is counted
in the range n ∼ 10− 100 photons in the considered fre-
quency regime [22]. Since the amplification is applied to
the modes individually, it results ideal to enhance classi-
cal signals, but it cannot increase quantum correlations.
To sum up, the goal of this work is to preserve quantum
correlations in open air and traditional amplification does
not provide an advantage in this objective, on the con-
trary, it could lead to entanglement degradation due to
the introduction of thermal noise.
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FIG. 8. Ratio between negativity of the output stateNout and
negativity of the input state Nin in blue, represented over the
error percentage. In green, the inset shows the logarithm of
the ratio between negativities, and in orange we show a linear
fit of the logarithm of the negativity ratio.
VI. CONCLUSIONS & PERSPECTIVES
In this article we have studied the optimization of a
quantum circuit for an open-air microwave quantum com-
munication protocol, in which entangled states, which are
generated in a cryostat, are sent into the air, maximiz-
ing the entanglement of the output state in the pres-
ence of thermal noise. This circuit consists of a waveg-
uide that transports the state out of the cryostat, and
a waveguide representing the transmission of that state
in open air, both connected by an antenna that realizes
a smooth impedance matching between the two environ-
ments, maximizing the transmission of energy.
Knowing that previous studies using similar architec-
tures had failed to detect entanglement in open air,
we have investigated the simplest case of quantum an-
tenna, a finite inhomogeneous transmission line with
an impedance that changes linearly with the position.
Studying the transmission of two-mode squeezed thermal
states, we have found that such a device cannot preserve
entanglement due to insufficiently low reflectivity.
For that, we have proposed a stepwise antenna
that introduces N subdivisions, inside which the local
impedance grows linearly, but globally can implement a
more general function. Numerically, we were able to find
a shape of the impedance which minimized the reflectiv-
ity of the antenna enough to preserve entanglement on
the output state in the presence of thermal noise. In-
spired by this shape, we proposed an exponential func-
tion to describe the optimal impedance. This shape leads
to a reflectivity that decreases with higher N , as if tak-
ing the continuum limit, and that improves significantly
with respect to a linear shape. In fact, the reflectivities
are low enough as to being able to preserve over 90%
of the squeezing of the initial state. A further simula-
tion confirms that errors over 2% of the values of the
impedance function result in a destruction of the entan-
glement, exemplifying how easily an entanglement distri-
bution protocol can be truncated by the use of a simple
antenna.
This works will impact the fields of quantum illumina-
tion and quantum sensing, with particular emphasis on
the quantum radar, as well as any quantum communica-
tion protocol dependent on entanglement distribution in
the microwave regime.
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